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ABSTRACT

Methods that learn representations of nodes in a graph play an
important role in network analysis. Most of the existing methods
of graph representation learning have focused on embedding each
node in a graph as a single vector in a low-dimensional continu-
ous space. However, these methods have a crucial limitation: the
lack of modeling the uncertainty about the representation. In this
work, inspired by Adversarial Variational Bayes (AVB) [22], we
propose GraphAVB, a probabilistic generative model to learn node
representations that preserve connectivity patterns and capture the
uncertainties in the graph. Unlike Graph2Gauss [3] which embeds
each node as a Gaussian distribution, we represent each node as
an implicit distribution parameterized by a neural network in the
latent space, which is more flexible and expressive to capture the
complex uncertainties in real-world graph-structured datasets. To
perform the designed variational inference algorithm with neural
samplers, we introduce an auxiliary discriminative network that is
used to infer the log probability ratio terms in the objective function
and allows us to cast maximizing the objective function as a two-
player game. Experimental results on multiple real-world graph
datasets demonstrate the effectiveness of our proposed method
GraphAVB, outperforming many competitive baselines on the task
of link prediction. The superior performances of our proposed
method GraphAVB also demonstrate that the downstream tasks
can benefit from the captured uncertainty.
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1 INTRODUCTION

Graph representation learning plays a critical role in network anal-
ysis. In recent years, many methods have been proposed to learn
graph representation, such as DeepWalk [27], LINE [33], node2vec
[12] and struc2vec [29]. They represent each node as a single low-
dimensional vector in the latent space and aim to preserve specific
properties of a graph during the learning process, such as local and
global structures, first-order and second-order proximities, diverse
neighborhoods, and structural identity. However, most existing
graph representation learning approaches suffer from a crucial
issue that is the lack of modeling uncertainty. Uncertainty is ubiq-
uitous and inherent when representing a node in a complex graph
and should be captured during the representation learning process.

Inspired by Gaussian word embeddings [36], Bojchevski and
Giinnemann [3] proposed a graph representation learning method,
Graph2Gauss, to model the uncertainties in a graph. Graph2Gauss
represents each node as a Gaussian distribution and learns the
representations via an energy-based learning framework. However,
Graph2Gauss is not enough flexible to capture the uncertainties
in a complex graph. For example, in an academic co-authorship
network, a researcher may have multiple research interests and
collaborate with diversified partners from different research fields.
As a Gaussian distribution only have one mode, Graph2Gauss will
fail to capture the truly complex multimodal distributions of the
representations in the latent space.

In this paper, inspired by Adversarial Variational Bayes (AVB)
[22], we propose GraphAVB, a novel probabilistic generative model
for learning node representations which preserve connectivity pat-
terns and capture the uncertainties in the graph. Unlike Graph2Gauss
[3] which embeds each node as a Gaussian distribution, we repre-
sent each node as an implicit probability distribution in the latent
space, which is called node-specific prior distribution. We can also
obtain context-aware node representations which correspond to
the approximating posterior distributions in our model. The node-
specific prior distributions and approximating posterior distribu-
tions are parameterized by neural networks, so that they can be
arbitrarily flexible and can recover the true distributions in the
nonparametric limit. To perform the designed variational infer-
ence algorithm with neural samplers, we introduce an auxiliary
discriminative network which is used to inference the log proba-
bility ratio terms in the objective function and allows us to cast
maximizing the objective function as a two-player game. The ob-
jective function is composed of the variational lower bound of the
pseudo-log-likelihood of the sampled source-context node pairs and
a regularization term. We use a random walk approach to generate
the source-context node pairs. Experimental results on multiple real-
world graph datasets demonstrate the effectiveness of our proposed


https://doi.org/10.1145/3459637.3482116
https://doi.org/10.1145/3459637.3482116

Short Paper Track

(a) DeepWalk and node2vec (b) GraphAVB

Figure 1: Graphical model representations of DeepWalk,
node2vec and GraphAVB. For GraphAVB, the outer plate
represents node sequences generated by random walks in
the graph where T is the total number of sampled node
sequences, while the inner plates represent the repeated
choices of source nodes, their latent representations and
their context nodes within a node sequence where L is the
length of each node sequence and C is the window size.

method GraphAVB, outperforming many competitive baselines on
the task of link prediction. The superior performances of our pro-
posed method GraphAVB also demonstrate that the downstream
tasks can benefit from the captured uncertainty.

2 METHODOLOGY

2.1 Problem Definition

Let G = (V, E) be a given graph, where V = {01, ...,un'} is the set of
all nodes and E is the set of edges between these nodes, i.e. E C VXV.
Unlike most existing graph representation learning methods which
try to learn a low-dimensional vector for each node, we aim to
learn a implicit distribution in the low-dimensional latent space
to represent each node which preserves connectivity patterns and
captures the uncertainties in the graph. We define the node-specific
prior distribution py, (z|w) as the representation of a node w. Also,
we define the approximating posterior distribution g (z|w, c) as the
context-aware representation for a source node w appearing with a
context node c. The node-specific prior distribution py (z|w) and the
approximating posterior distribution g4 (z|w, c) are parameterized
as neural samplers with parameters i and ¢ respectively, so that
they can be enough flexible to capture the complicated uncertainty
in real-world graph-structured datasets.

2.2 GraphAVB

GraphAVB models the generation of source-context node pairs. We
assume that the choice of a context node c for a source node w is
dependent on the latent representation z, and the latent represen-
tation z is dependent on the source node w. The representation z is
modeled as a latent random vector, which can capture the uncer-
tainty. The generative process for each source-context node pair
(w, c) is the following: for the source node w, we first draw a latent
representation z ~ p(z|w). Then, the context node c is generated
based on the latent representation z by drawing ¢ ~ p(c|z).
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In order to preserve both local and global structures, we employ
truncated random walks in the graph to efficiently generate the
source-context node pairs. Specifically, for each node v; € V, we
sample D node sequences with length of L and v; as the starting
point. In every sampling step, the next node is sampled uniformly
from the neighbors of the current node. We also can use biased
random walks [12], in which the node sequences sampling strategy
can approximately interpolate between Breadth-First Search (BFS)
and Depth-First Search (DFS) and hence reflects the preference of
exploration between local and global structures. Then the source-
context node pairs are constructed based on the sampled node
sequences. Denote a sampled node sequences as S;,i € {1,...,T}
and its j-th node as s;j,j € {1,...,L} where T = D x |V| is the
number of sampled node sequences. The set of source-context node
pairs based on the set of sampled node sequences S = {Sy, ..., ST} is
defined as Qg = {(sij, sig)li € {1,..,T},j e {C+1,...,L-C}k €
{j-C,...j—1,j+1,..,j+C}}, where C is the window size.

The GraphAVB model is represented as a probabilistic graphical
model in Figure 1(b). Given the set of source-context node pairs
Qg, we want to maximize the pseudo-log-likelihood as follows:

T L-2C 2C

Z Z log o,y (cn i, jlwn,i)-
j=1

n=1

A 1

i=1

Each term in Eq.(1) can be rewritten as follows (we omitted the
subscripts for simplicity):

log g,y (clw) = log / po(cl2)py (lw)de. @

Because the integral in Eq.(2) is intractable, we maximize its
variational lower bound instead. To derive the variational lower
bound, we rewrite Eq.(2) as follows:

g (zlw.0)

10gp9’¢(c|w) = log/pg(C|Z)P¢(Z|W)—q¢(Z|W B) z

2 By, (z]w,e) [log po(clz) +log py (z|lw) —log g4 (2w, c)],

®)
where the inequality is derived through Jensen’s inequality. As
py (z|lw) and g (z|w, c) are parameterized as neural samplers, they
can be enough flexible to learn complex probability distributions.
However, the log probability ratio term log py, (z|w) —log g4 (2|w, ¢)
in the variational lower bound cannot be computed directly. In-
spired by Adversarial Variational Bayes (AVB) [22], we introduce
an auxiliary discriminative network T(w, ¢, z) to inference the log
probability ratio term log py, (z|w) —log g4 (z|w, ¢). Specifically, the
term log g4 (z|w, c) —log py (z|w) is the optimal value of the discrim-
inative network T(w, ¢, z) in the following optimization problem
with fixed g (z|w, ¢) and py, (z|w):

mf}XE%(ZIw,C) logo(T(w,c, 2)) + Epz,//(ZIW) log(1 - o(T(w, ¢, 2)))
4)
where o(x) = ﬁ is the sigmoid function.

To present the theoretical analysis, we assume that the discrim-
inative network T(w, ¢, z) has enough capacity to represent any
function, i.e., in the non-parametric limit which is the same assump-
tion in GAN [11] and AVB [22].
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PROPOSITION 1. For q4(z|w,c) and py(z|w) fixed, the optimal
discriminator T* in the optimization problem (4) is

T*(w, ¢, z) = log q4(z|w, c) —log py (z|w).

Proor. The proof is similar with the proof of Proposition 1 in
GAN [11] and AVB [22]. We rewrite the objective function in the
optimization problem (4) as the following:

/q¢ (zlw, c) log a(T(w, ¢, z)) + py (z|lw) log(1 — o(T(w, c, 2)))dz.

For any (a,b) € R?\{0,0}, the function t — alogt + blog(1 — t)
attains its maximum at ¢ = -%;. So that we have
T*(w, ¢, z) = log q4(z|w, c) —log py (z|w).

]

To better learn the node-specific prior distribution py, (z|w), we
add a regularization term —AKL(py (z|w), g4 (z|w, ¢)) to the varia-
tional lower bound in Eq.(3), where A is a tunable hyper-parameter
and KL(-, -) denotes the Kullback-Leibler divergence. As a result,
the objective function we want to maximize is the following:

Eq¢(z|w,c) [IOgPG(CIZ) + IOgPl//(le) —log 94 (z|w, C)]
- AEM(Z‘W) [logpw(zlw) - logq¢(z|w, c)] .

Leveraging Proposition 1, the process of maximizing the objec-
tive function in Eq.(5) is cast into the following two-player game:

m’?xE%(ZW’C) [log a(Ty(w,c, z))] + Epl//(zlw) [log(l = o(Ty(w,c, z)))]

(6)

énq?)'; Egy (zlwe) [logpg(c|z) = Ty(w,c, z)] + AEP¢(2|W) [T,](w, c, z)]
7

Proposition 1 shows that any Nash-equilibrium of this two-player
game yields a stationary point of the objective in Eq.(5).

Intuitively, given an observed source-context node pair (w, c),
the discriminative network T(w,c,z) trys to distinguish z sam-
pled from the node-specific prior distribution py, (z|w) from that
sampled from the context-aware approximating posterior distribu-
tions g (z|w, c) in the Eq.(6). In the Eq.(7), minimizing the term
Eq¢(z|w,c) [T (w. ¢, z)] tries to make g4 (z|w, c) close to py (z|w),
which can be regarded as a regularization. Maximizing the term
AEW(Z‘W) [T;(w. c,z)] tries to make py (z|w) close to gy (z|w,c)
and confuse the discriminative network T (w, ¢, z).

Using the reparameterization trick [14], the two-player game in
Eq.(6) and Eq.(7) can be rewritten as follows:

mr?x Ee[log o(Ty (w, ¢, zg(w, c, €)))
()

+log(1 - 0'(T,7 (w, ¢, zw(w, eN))l
gl;iz Ee[log pg(clzg(w. ¢, €)) — Ty(w, ¢, z4(w, ¢, €))

)
+ ATy (w, ¢, 2y (w, €))]

where € ~ p(€), z4(w,c,€) and zy(w, €) are suitable functions
which can be parameterized by neural networks. pg(clzg(w, ¢, €))
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is a categorical distribution parameterized as a softmax model as
the following:

exp(GCTz¢ (w,c,€))
Yeev exp(0lzg(w,c.€)

polclzg(w.c.€)) = (10)
The cost of computing the summation in the denominator of Eq.(10)
is proportional to the number of nodes, which can be expensive.
So for large datasets, we can employ negative sampling [24] which
replaces every log pg(c|zy(w, ¢, €)) term in the objective functions
with the following terms:

K
log O'(QCTZ¢(W, c,€e))+ Z Ey-p, (o) [log J(—93;2¢,(w, c,€))
i=1

where K is the number of negative samples and P, (v) is a noise
distribution for sampling negative context nodes. We set P, (v) «

3
dy as done in LINE[33], where d, is the out-degree of node v.

2.3 Optimization

In practice, we try to find a Nash-equilibrium by applying Stochastic
Gradient Descent (SGD) jointly to Eq.(8) and Eq.(9). It is crucial
to keep the discriminative T network close to optimality while
optimizing Eq.(9). Hence we can perform several SGD-updates to
Eq.(8) for one SGD-update to Eq.(9).

We employ an effective optimization strategy which decomposes
the process of optimization into two stages. In the first stage, we
fix the node-specific prior distribution py (z|w) as a multivariate
Gaussian distribution N (0, fI) and optimize objectives over 7, 6, ¢.
The node-specific prior distribution py, (z|w) = N(0, fI) regular-
izes the model and encourages the global smoothness of the latent
representation distribution [7, 8] where f is a hyper-parameter to
control the regularization. In the second stage, we fix the learned
context-aware approximating posterior distributions gy (z|w, c)
and the learned categorical distribution pg-(c|z), and optimize ob-
jectives over 7,1 The node-specific prior distribution py (z|w) is
parameterized as a neural sampler in the second stage, so that it can
be enough flexible to model the complex uncertainty. Intuitively,
py (z|w) tries to summarize g+ (z|w, c) for a source node w appear-
ing with different context nodes ¢ during the second stage. This
strategy can prevent the model from overfitting as well.

3 EXPERIMENTS

In this section, we empirically evaluate our proposed method through
the task of link prediction on 5 benchmark datasets.

There are several reasons why we focus on the fundamental task
of link prediction. Firstly, we are interested in modeling the compli-
cated uncertainty and interactions between nodes in the real-world
graph datasets. Link prediction is especially suitable for testing
whether the models capture these properties. Secondly, link predic-
tion is suggested as the primary task to evaluate the performance
of unsupervised graph representation learning methods by recent
works [9, 41]. Contrastively, node classification is a secondary task
because the process of labeling is not necessarily closely related
with the graph itself [9]. Finally, there are many kinds of important
applications of link prediction in the real world such as friends
recommendation in social networks.
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Table 1: The statistics of our datasets.

Dataset V] |[E|  Average Degree
Cora 2708 5278 1.95
Citeseer 3264 4552 1.39
Wiki 2363 11824 5.00
CA-GrQc 5241 14484 2.76
CA-HepTh 9875 25973 2.63

3.1 Datasets and Baseline Methods

We conduct experiments on 5 real-world datasets including Cora
[21], Citeseer [21], Wiki [30], CA-GrQc [17], and CA-HepTh [17].
Cora [21] and Citeseer [21] are paper citation networks. Wiki [30]
is a web page link network. CA-GrQc [17] and CA-HepTh [17] are
author collaboration networks. The statistics of the datasets are
provided in Table 1. These datasets are preprocessed by deleting
self-loops and nodes with zero degree.

We compare GraphAVB with the competitive baseline methods
including Graph Factorization (GF) [1], GraRep [5], DeepWalk [27],
LINE [33], node2vec [12], Graph2Gauss [3], and AdvT4NE [8].

3.2 Experiment Configuration

For GraphAVB, DeepWalk, node2vec, Graph2Gauss, and AdvT4NE,
the walk length, walks per node, window size and the number of
negative samples per node are set to 40, 1, 5 and 5, respectively.
For GraphAVB, we use uniform random walks to sample the node
sequences and simply set the regularization strength A = 1. For
GraphAVB, we use the RMSProp optimizer and set the learning rate
to 0.001. Besides, the dimension of node representations is set to
128 for all methods.

3.3 Link Prediction

We follow the methodology introduced in [8] to conduct the task of
link prediction. In detail, we firstly perform the graph representa-
tion learning methods on a sub-graph, which contains 80% of edges
of the original graph, to learn node representations. During the sub-
sampling process, the degree of each node is ensured to be greater
than or equal to 1 to avoid meaningless node representations. Then
we treat link prediction as a classification problem. We train a Ly-
SVM classifier whose inputs are the edge features obtained by the
Hadamard product of embedding vectors of the two endpoints for
baseline methods. The positive training examples are the observed
edges of the sub-graph used to learn node representations and the
same number of negative training examples are randomly sampled
from the node pairs without an edge connection in the original
graph. The positive testing examples are the removed 20% edges of
the original graph and the two times number of negative testing
examples are randomly sampled from the node pairs which are
not in the set of negative training examples and without an edge
connection in the original graph. We report the AUC score as the
performance measure. For Graph2Gauss, we use the mean vector of
each Gaussian distribution as the embedding vector of each node.

To leverage the advantages of GraphAVB for link prediction, we
use the following method to construct edge features. As GraphAVB
uses the dot product to encode the similarity, we use the Hadamard
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Table 2: The AUC score for link prediction.

Method/Dataset ‘ Cora  Citeseer Wiki CA-GrQc CA-HepTh
GF 0.6093 0.6090 0.7294 0.8583 0.7929
GraRep 0.7367 0.7391 0.7778 0.8535 0.8361
DeepWalk 0.7479 0.7516 0.7819 0.8949 0.8454
LINE 0.7228 0.7317 0.7886 0.8891 0.8250
node2vec 0.7591 0.7783 0.7923 0.8805 0.8428
Graph2Gauss 0.7527 0.7497 0.7783 0.8819 0.8267
AdvT4NE 0.7623 0.7728 0.7522 0.8855 0.8210
GraphAVB 0.7785 0.7829 0.8089  0.9027 0.8515

product of the two vectors sampled from node-specific prior dis-
tributions of the two endpoints respectively, whose dot product
are the maximum among the pairs of the sampled vectors. More
detailed, for v;,v; € V, the edge feature e;; is constructed as follows:

eij = zy (vi, €im) © 2y (v}, €jm),

where im, jm = argmaxuy,, zy (Vi €u) - 2y (V). €0), €u, €0 ~ p(€),
u,v0 =1, .., M, © denotes the Hadamard product and - denotes the
dot product. We set M = 5 in our experiments.

In our implementation, the noise distribution p(e€) used in the
reparameterization trick is a standard multivariate Gaussian dis-
tribution. z (w, ¢, €) is parameterized as a 2-layer neural network
whose inputs are the noise vector € and the one-hot vectors of
the source node w and the context node c¢. We assign each node
w a node-specific prior network, i.e. zy (w, €) = z,, (€), which is
parameterized as a 3-layer fully connected neural network whose
input is the noise vector €. Besides, we assign each node w a discrim-
inative network T\, (z) parameterized as a 3-layer fully connected
neural network with skip connections, which is an approximation
to Ty (w, ¢, 2) [20, 22].

The experimental results for link prediction on 5 real-world
graph datasets are summarized in Table 2. It can be easily observed
that our proposed method GraphAVB outperforms all baseline meth-
ods on all 5 graph datasets in terms of the AUC score. One of the
reasons is that the Graph2Gauss model is not enough flexible to
capture the uncertainty in real-world graph datasets and the other
baseline methods are short of modeling the uncertainty. The experi-
mental results also demonstrate that using a flexible and expressive
model to capture the uncertainty and leveraging the advantage
of the captured uncertainty can help improve the performance of
downstream tasks such as link prediction.

4 CONCLUSION

In this paper, we propose GraphAVB, a novel probabilistic genera-
tive model to learn node representations which preserve connectiv-
ity patterns and capture the uncertainties in the graph. Inspired by
AVB [22], we introduce an auxiliary discriminator that is used to
infer the log probability ratio terms in the objective function and
allows us to cast maximizing the objective function as a two-player
game. Empirical evaluation on 5 real-world graph datasets demon-
strates the effectiveness of GraphAVB and the benefits from the
captured uncertainty on the task of link prediction.
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